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Amplified-Spontaneous-Emission Spectrum of the
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Abstract—In this paper, the authors calculate the amplified-
spontaneous-emission spectrum of the radiation field in surface-
emitting distributed feedback (DFB) lasers. The response of the
laser cavity to the Langevin noise source in the frequency domain
is obtained using the newly developed Green’s functions for the
slowly varying amplitudes of the guided waves. The authors show
that the power spectra from the surface and the edge are different,
and this discrepancy is due to excitation of the radiation field by
the interference between the counter-propagating waves inside the
cavity. This feature can be properly exploited in the design of
surface-emitting DFB lasers for optical communications.

Index Terms—Amplified spontaneous emission (ASE),
below-threshold spectrum, coupled-mode equations, DFB lasers,
frequency-domain approach, grating-coupled surface-emitting
lasers, Green’s function, Langevin force, power spectrum,
second-order gratings, spontaneous emission.

I. INTRODUCTION

IN SECOND-ORDER distributed feedback (DFB) lasers
with index grating, radiation loss determines the mode selec-

tion, and the mode with less radiation loss is dominant [1], [2].
In these structures, the radiation field of the main mode is due to
destructive interference between the counter-propagating waves
forming that mode and has a concave near-field intensity pattern
with a minimum at the center of the cavity [3]. Therefore, the
radiation efficiency is reduced, and most of the radiated power
is emitted from the regions close to the laser facets. Moreover,
the corresponding far-field intensity pattern is double lobe. Up
until now, different approaches have been proposed to modify
the laser beam and overcome this inherent problem in second-
order DFB lasers. These approaches are all based on tailoring
the complex amplitudes of the guided waves inside the cavity
[4]–[11].

Despite all efforts spent on the engineering of the laser beam
in surface-emitting DFB lasers, to the best of our knowledge,
the theoretical study of the surface-emitted power spectra has
not yet been reported in the literature. In this paper, we address
the below-threshold spectrum of the radiation power in surface-
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emitting DFB lasers with a second-order grating. We show
that the relative intensities between the main mode and first
side mode emitted from the surface and edge are different.
This discrepancy is due to excitation of the radiation field
by the interference between the guided waves inside the laser
cavity. As will be shown later, if one compares the amplified-
spontaneous-emission (ASE) spectra from the surface and the
edge in a DFB laser with a second-order index grating, one
may see that the relative intensity between the main mode and
first side mode emitted from the surface is less than that from
the edge. This issue is the result of destructive (constructive)
interference between the guided waves forming the main mode
(first side mode) and reduces the side-mode suppression ratio
(SMSR) of the surface-emitted power compared to the SMSR
of the power emitted from the edge. Therefore, this feature
explains why conventional second-order DFB lasers with index
grating may not be suitable for optical communications. We
will also show that the opposite holds true, if the main mode
is due to constructive interference between the guided waves.

We use the newly developed Green’s functions for obtaining
the response of the cavity to the Langevin noise source in the
frequency domain [12]. Unlike the Green’s function proposed
by Henry [13], these new Green’s functions relate the slowly
varying amplitudes of the guided waves to the spontaneous-
emission source. Therefore, the unnecessary fast-oscillating
terms, which are cancelled after integration along the cavity,
do not exist in these new functions.

This paper is organized as follows. In Section II, we start with
the scalar wave equation and derive the ASE power spectral
density of the radiation field. The wave equation is then solved
using the Green’s functions of a system of first-order differ-
ential operators. The details of constructing the solution using
these Green’s functions with some corrections to its original
form are explained in Section III. In this section, we also relate
these new Green’s functions to the Green’s function proposed
by Henry. In Section IV, we apply the formulation in this paper
to various surface-emitting DFB lasers and physically interpret
the simulation results. Finally, the conclusion and the main
results are presented in Section V.

II. BASIC FORMULATION

Let us consider a DFB laser with a second-order index or
gain/absorptive grating. The length of the laser cavity is L,
which extends from z = 0 to z = L. Moreover, assume that
there is a window in the p- or n-side electrode for extracting the
radiated power. Let the electric field be polarized in the lateral
direction (along the y axis) and E(r, t) denote the real-valued
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scalar electric field of the laser. We define the Fourier transform
of E(r, t) as follows:

Ẽω(r) =
1√
2π

∞∫
−∞

E(r, t)e−jωtdt (1)

where r = (x, y, z) is the position vector. Ẽω(r) is the solution
of the following inhomogeneous scalar wave equation [13]

∇2Ẽω(r) + k2
0n

2
ω(r)Ẽω(r) = F̃ω(r) (2)

where ∇2 is the Laplacian operator, k0(= ω/c) is the
wavenumber at the optical frequency ω, c is the velocity of light
in a vacuum, nω(r) is the complex refractive index of the laser
cavity, and F̃ω(r) is the Langevin force due to the spontaneous
emission. One may write the solution of (2) as follows:

Ẽω(r) = Z̃ω(z)Φω(x, y) + Ẽr(ASE)
ω (r) (3)

where Φω(x, y) is the eigenmode of the fundamental guided TE
mode of the unperturbed cold cavity and satisfies the following
eigenvalue equation:

∇2
xyΦω(x, y) + k2

0n
2
xy(x, y)Φω(x, y) = β2

ωΦω(x, y). (4)

∇2
xy is the Laplacian operator in the xy plane, i.e., the cross

section of the laser cavity; nxy(x, y) is the refractive index
of the unperturbed cold cavity; βω = k0neff ; and neff is the
effective index of the waveguide. Z̃ω(z) in (3) represents the
complex amplitude of the standing wave inside the cavity,
which can be written as

Z̃ω(z) = Ãω(z)e−jβ0z + B̃ω(z)ejβ0z (5)

where β0 = 2π/Λ, Λ is the period of the grating, and Ãω(z)
and B̃ω(z) are the slowly varying complex amplitudes of the
forward and backward guided waves, respectively. Ẽr(ASE)

ω (r)
in (3) is the radiation field due to the ASE. It arises from first-
order diffraction. Since the guided waves are responsible for
amplification of the spontaneous emission, Ẽr(ASE)

ω (r) mod-
ifies the coupling coefficients between the amplitudes of the
guided waves.

Following Henry [13], we have

D̃z
ω

[
Z̃ω(z)

]
= F̃ω(z) (6)

where D̃z
ω is a carrier-dependent second-order differential

operator with respect to z. The superscript “z” denotes the
differentiation variable. F̃ω(z) is the weighted average of the
spontaneous emission coupled to the guided waves with zero
mean and is given as follows:

F̃ω(z) = ξ−1(Φω)

∞∫
−∞

∞∫
−∞

F̃ω(r)Φ∗
ω(x, y)dxdy (7)

where ∗ denotes the complex conjugate, and

ξ(Φω) =

∞∫
−∞

∞∫
−∞

|Φω(x, y)|2 dxdy. (8)

Since F̃ω(z) is the spontaneous emission coupled to the guided
waves, it is natural to write

F̃ω(z) = f̃A
ω (z)e−jβ0z + f̃B

ω (z)ejβ0z. (9)

Note that (9) does not uniquely define f̃A
ω (z) and f̃B

ω (z) in
terms of F̃ω(z). However, its special form allows us to have
a fair judgment about the statistical properties of f̃A

ω (z) and
f̃B

ω (z). We will address this issue in Appendix A.
Substituting (3) into (2), one may apply the approaches

presented in [14] and [15] and use (7) and (9) to show that,
in a general second-order DFB laser with a symmetric grating,
Ãω(z) and B̃ω(z) in the presence of spontaneous emission
satisfy the following coupled-mode equations:[

dzÃω(z)
−dzB̃ω(z)

]
=

[
K̃11

ω K̃12
ω

K̃21
ω K̃22

ω

] [
Ãω(z)
B̃ω(z)

]
+

1
−j2β0

[
f̃A

ω (z)
f̃B

ω (z)

]
(10)

where dz ≡ d/dz, and

K̃11
ω = K̃22

ω =
Γg(z)

2
− α− j∆ω(z) + κr (11)

K̃12
ω = − j [κi + j(κg + κr)] ej2θ(z) (12)

K̃21
ω = − j [κi + j(κg + κr)] e−j2θ(z) (13)

where κi and κg are the coupling coefficients due to in-plane
feedback (second-order diffraction) resulting from index and
gain/absorption perturbations within the laser cavity, respec-
tively. κr represents the reaction of the radiation field excited
by the guided waves back on themselves due to the first-order
diffraction. θ(z) is the phase of the first-order spatial harmonic
of the grating. In this paper, we assume that the index and
gain/absorption perturbations are obtained by the same grating.
For a gain perturbation, θ(z) is defined by (A9). A similar
relation is assumed for an index perturbation. The dependence
of θ on z allows us to include the phase-shifted DFB lasers
in the model as well. For a DFB laser with discrete phase
shifts, θ(z) is a step function of z. The factor 2 in front of
θ(z) results from second-order diffraction or two consecutive
first-order diffractions, Γ is the confinement factor, g(z) is the
intensity material gain, α is the internal loss, and ∆ω(z) is the
measure of detuning given as

∆ω(z) =βω − αHΓ
g(z)
2

− β0

=
ω − ωB

vg
− αHΓ

g(z)
2

(14)

where αH is the linewidth enhancement factor [16], ωB is the
Bragg frequency, and vg is the group velocity.

The main goal in this paper is to obtain the ASE spectrum
of the radiation field emitted from the surface of the laser. To
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this end, in the absence of spontaneous emission and using
(10)–(13), one may write

dz

[∣∣∣Ãω(z)
∣∣∣2−∣∣∣B̃ω(z)

∣∣∣2]
=[Γg(z)−2α]

[∣∣∣Ãω(z)
∣∣∣2+∣∣∣B̃ω(z)

∣∣∣2]
+ 2Re(κr)

∣∣∣e−jθ(z)Ãω(z)+ejθ(z)B̃ω(z)
∣∣∣2

+ 2κg

[
e−j2θ(z)Ãω(z)B̃∗

ω(z)+ej2θ(z)Ã∗
ω(z)B̃ω(z)

]
(15)

where “Re” stands for the real part. Equation (15),
which is the power exchange relation inside the cavity,
states that the radiation power density is proportional to

|e−jθ(z)Ãω(z) + ejθ(z)B̃ω(z)|2. On the other hand, due to nor-
mal emission (∂/∂z ≈ 0), the radiating electric and magnetic
fields obey the plane-wave relation, and the magnetic field has
only a component along the z-axis. From Maxwell’s equations,
it follows that

H̃r(ASE)
ω (z) = ±η−1Ẽr(ASE)

ω (z) (16)

where Ẽr(ASE)
ω (z) and H̃r(ASE)

ω (z) are the longitudinal pro-
files of the radiating electric and magnetic fields, respectively,
and η = (µ0/ε)1/2 is the so-called intrinsic impedance of the
medium. µ0 and ε are the permeability of vacuum and per-
mittivity of the medium, respectively. From (15) and (16), it
follows that

Ẽr(ASE)
ω (z) ∼ Ãω(z)e−jθ(z) + B̃ω(z)ejθ(z). (17)

Let Er(ASE)(z, t) and S̃r(ASE)
ω (z) be the z-dependent part of

the real-valued radiating electric field in the time domain due
to ASE and the z-dependent power spectral density of the
radiation field, respectively. Using (16) and the fact that the
laser field in the presence of the spontaneous emission is a
stationary random process, according to the Wiener–Khintchine
theorem, the power spectral density of the radiation field is
proportional to the Fourier transform of its autocorrelation, i.e.,

S̃r(ASE)
ω (z) ∼

∞∫
−∞

〈
Er(ASE)(z, 0 + τ)Er(ASE)(z, 0)

〉
e−jωτdτ

(18)
where 〈·〉 denotes the ensemble average. In (18), we have set
t = 0, which is justified assuming the stationary character of
the laser field and the fact that its statistical properties are
independent of the time origin. Substituting Er(ASE)(z, ·) by
its Fourier transform and the fact that the Fourier transform of a
real function possesses conjugate symmetry, i.e., Ẽr(ASE)

−ω′ (z) =
Ẽ

r(ASE)∗
ω′ (z), we get

S̃r(ASE)
ω (z) ∼

∞∫
−∞

〈
Ẽr(ASE)

ω (z)Ẽr(ASE)∗
ω′ (z)

〉
dω′. (19)

Let S̃r(ASE)
ω be the power spectrum of the radiation field

due to the ASE. S̃r(ASE)
ω can be obtained by integrating

S̃
r(ASE)
ω (z) along the window from which the radiated power is

extracted, i.e.,

S̃r(ASE)
ω =

∫
window

S̃r(ASE)
ω (z)dz. (20)

Equations (17), (19), and (20) are the main equations for obtain-
ing the ASE spectrum of the radiation field in a surface-emitting
DFB laser with a second-order grating. To calculate S̃r(ASE)

ω (z)
using (17) and (19), one needs to obtain the autocorrelation and
cross correlation of Ãω(z) and B̃ω(z). To this end, one may
obtain Ãω(z) and B̃ω(z) in terms of the spontaneous-emission
source. We use the Green’s function method for this purpose.
The details of this method will be discussed in the next section.

III. GREEN’S FUNCTION FORMULATION

To obtain Ãω(z) and B̃ω(z) in terms of the spontaneous
emission, one may adopt two different but equivalent ap-
proaches. In the first approach, which was originally proposed
by Henry [13], one may solve (6) and obtain Z̃ω(z) in terms of
F̃ω(z) as follows:

Z̃ω(z) =

L∫
0

G̃ω(z, z′)F̃ω(z′)dz′ (21)

where the Green’s function G̃ω(z, z′) satisfies the following
second-order differential equation:

D̃z
ω�G̃ω(z, z′)� = δ(z − z′) (22)

subject to the boundary conditions at z = 0 and z = L. δ(·) is
the Dirac delta function. G̃ω(z, z′) can be obtained in terms of
the solution of homogenous differential equation obtained from
(22) by setting its right-hand side equal to 0. On the other hand,
the solution of the resulting homogenous equation is in the form
of (5). Thus, Z̃ω(z) in the presence of F̃ω(z) is in the same form
as given in (5); therefore, one may obtain Ãω(z) and B̃ω(z) in
terms of F̃ω(z). Moreover, one may use (9) to simplify the final
result by canceling the fast-oscillating terms under the integral
sign. The unnecessary terms resulting from this approach make
the algebraic manipulation lengthy.

Recently, the direct solution of (10) and obtaining Ãω(z)
and B̃ω(z) in terms of f̃A

ω (z) and f̃B
ω (z) by defining suitable

vector Green’s functions have been reported in [12]. The distin-
guishing feature in this approach is the use of slowly varying
functions of z instead of dealing with the general form of
Z̃ω(z). The essence of this approach is based on rewriting (10)
as follows:

H̃z
ωΨ̃ω(z) = F̃ω(z) (23)

where

H̃z
ω =

[
dz − K̃11

ω −K̃12
ω

−K̃21
ω −dz − K̃22

ω

]
(24)
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the superscript “z” indicates the variable of differentiation

Ψ̃ω(z) =
[
Ãω(z)
B̃ω(z)

]
(25)

and

F̃ω(z) =
1

−j2β0

[
f̃A

ω (z)
f̃B

ω (z)

]
. (26)

A symmetric bilinear form [17, pp. 365–367] in the space of
Ψ̃ω(z) is defined as follows:

〈
Ψ̃(1)

ω , Ψ̃
(2)
ω

〉
=

L∫
0

[
Ã(1)

ω (z)B̃(2)
ω (z) + B̃(1)

ω (z)Ã(2)
ω (z)

]
dz

(27)
where

Ψ̃(i)
ω (z) =

[
Ã

(i)
ω (z)
B̃

(i)
ω (z)

]
, i = 1, 2. (28)

H̃z
ω in the sense of the bilinear form defined in (27) is

symmetric, i.e.,〈
H̃z

ωΨ̃(1)
ω , Ψ̃

(2)
ω

〉
−

〈
Ψ̃(1)

ω , H̃
z
ωΨ̃(2)

ω

〉
= 0. (29)

Equation (29) follows from the fact that Ã(i)
ω (z) and B̃(i)

ω (z)
satisfy the same boundary conditions at z = 0 and z = L, i.e.,
Ã

(i)
ω (0) = r0B̃

(i)
ω (0) and B̃(i)

ω (L) = rLÃ
(i)
ω (L). It should be

emphasized that for the case of nonuniform carrier distribution
inside the cavity, by dividing the laser cavity into sufficiently
large number of sections, one may assume that the carrier
distribution within each section is uniform. Therefore, g(z) can
be approximated by a step function, and (29) is still valid within
this approximation.

The solutions for Ãω(z) and B̃ω(z) can be obtained by
introducing the following vector Green’s functions:

G̃i,ω(z, z′) =
[
g̃A

i,ω(z, z′)
g̃B

i,ω(z, z′)

]
, i = 1, 2 (30)

such that

H̃z
ωG̃1,ω(z, z′) =

[
0

δ(z − z′)

]
(31)

and

H̃z
ωG̃2,ω(z, z′) =

[
δ(z − z′)

0

]
(32)

subject to the boundary conditions at z = 0 and z = L, i.e.,
g̃A

i,ω(0, z′) = r0g̃B
i,ω(0, z′), and g̃B

i,ω(L, z′) = rLg̃A
i,ω(L, z′). In

fact, using (25), (27), and (31), one may write

Ãω(z′) =
〈
H̃z

ωG̃1,ω(z, z′), Ψ̃ω(z)
〉
. (33)

In view of the symmetry of H̃z
ω , (33) can be written as

Ãω(z′) =
〈
G̃1,ω(z, z′), F̃ω(z)

〉
(34)

where we have used (23). Following the same procedure and
replacing G̃1,ω(z, z′) by G̃2,ω(z, z′) in (34), one may obtain
B̃ω(z′). Changing the roles of z and z′ in (34), we can write the
solution for Ψ̃ω(z) as follows:

Ψ̃ω(z) =


〈
G̃1,ω(z′, z), F̃ω(z′)

〉
〈
G̃2,ω(z′, z), F̃ω(z′)

〉
 (35)

where z′ is the variable of integration.
It should be noted that due to the presence of first-order

differential operator and the Dirac delta function in (31) and
(32), g̃B

1,ω(z, z′) and g̃A
2,ω(z, z′) are discontinuous at z = z′.

Therefore, the Green’s functions G̃i,ω(z, z′), i = 1, 2, are not
symmetric with respect to their arguments, and the roles of z
and z′ as the arguments of the Green’s functions in (35) cannot
be changed.

The vector Green’s functions G̃1,ω(z, z′) and G̃2,ω(z, z′)
have some interesting properties. In fact, using the symmetry
of H̃z

ω , we have〈
H̃z

ωG̃i,ω(z, z1), G̃j,ω(z, z2)
〉

=
〈
G̃i,ω(z, z1), H̃z

ωG̃j,ω(z, z2)
〉
, i, j = 1, 2. (36)

Let G̃ω(z1, z2) be a 2 × 2 matrix such that its first and
second columns are formed by entries of the column vectors
G̃1,ω(z1, z2) and G̃2,ω(z1, z2), respectively. Using (36), one
may write

G̃ω(z1, z2) = G̃T
ω(z2, z1) (37)

where “T” stands for the transpose. It is interesting to note that
the Green’s function G̃ω(z, z′) defined by (22) can be obtained
using G̃ω(z, z′) as follows:

G̃ω(z, z′) =
1

−j2β0
[e−jβ0z′

ejβ0z′
]G̃ω(z′, z)

[
e−jβ0z

ejβ0z

]
.

(38)

Using (37) and (38), one may obtain the well-known reciprocity
formula of G̃ω(z, z′), i.e.,

G̃ω(z, z′) = G̃ω(z′, z). (39)

Using the Green’s function formulation in (17) and (19) and
the materials presented in Appendix A, the reader may verify
that the z-dependent power spectral density of the radiation
field can be obtained as follows:

S̃r(ASE)
ω (z)

∼
(
4β2

0

)−1

L∫
0

∣∣g̃A
ω (z′, z)

∣∣2× 2D
f̃B f̃B∗(z

′)dz′

+
(
4β2

0

)−1

L∫
0

∣∣g̃B
ω (z′, z)

∣∣2× 2D
f̃Af̃A∗(z

′)dz′ +
(
4β2

0

)−1

·
L∫

0

2Re
[
g̃A

ω (z′, z)g̃B∗
ω (z′, z) × 2D

f̃B f̃A∗(z
′)
]
dz′ (40)
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where

g̃A,B
ω (z′, z) = g̃A,B

1,ω (z′, z)e−jθ(z) + g̃A,B
2,ω (z′, z)ejθ(z). (41)

g̃A,B
1,ω (z′, z) and g̃A,B

2,ω (z′, z) can be obtained from G̃1,ω(z, z′)
and G̃2,ω(z, z′) and using (37). The details of the derivation
of the explicit expressions for G̃1,ω(z, z′) and G̃2,ω(z, z′) are
given in Appendix B. 2D

f̃Af̃A∗ , 2D
f̃B f̃B∗ , and 2D

f̃B f̃A∗ are
the diffusion coefficients of the spontaneous emission, which
are given in Appendix A.

Equations (20) and (40) are the main results of this paper.
They give the ASE spectrum of the radiation field in terms
of the carrier-dependent Green’s functions and the diffusion
coefficients of the spontaneous emission. Equation (40) is valid
both in the below- and above-threshold regimes. However,
its applicability in the above-threshold regime requires the
knowledge of the exact carrier distribution within the cavity. To
obtain the carrier distribution in the above-threshold regime, the
nonlinear interaction of the optical field with the carrier density
should be formulated by the multimode rate equations. In this
paper, we only use (40) in the below-threshold regime in which
the carrier distribution within the cavity can be considered
uniform.

For the sake of completeness and comparison, the spectral
density of ASE from the left facet is given as follows:

S̃left
ω ∼

(
1−|r0|2

)(
4β2

0

)−1

×

 L∫
0

∣∣g̃A
2,ω(z′, 0)

∣∣2 2D
f̃B f̃B∗(z

′)dz′

+

L∫
0

∣∣g̃B
2,ω(z′, 0)

∣∣2 2D
f̃Af̃A∗(z

′)dz′

+

L∫
0

2Re
[
g̃A
2,ω(z′, 0)g̃B∗

2,ω(z′, 0)2D
f̃B f̃A∗(z

′)
]
dz′

.
(42)

The ASE spectrum from the right facet can be obtained from
(42) by replacing r0 and g̃A,B

2,ω (z′, 0) with rL and g̃A,B
1,ω (z′, L),

respectively.

IV. SIMULATION RESULTS

In this section, we apply the formulation given in this paper
to obtain the below-threshold ASE spectrum of the radiation
field in three different surface-emitting DFB lasers. The fixed
parameters of these lasers are given in Table I. To show the
intrinsic characteristics of these lasers, we assume that their
facets are antireflection (AR) coated. In all cases, we consider
buried-heterostructure (BH) lasers with a window of 100-µm
long, which opens in the p-side electrode. The center of the
window is aligned with the center of the cavity. Note that
the window opening can also be extended throughout the

TABLE I
PARAMETERS USED IN THE BELOW-THRESHOLD ANALYSIS OF

SECOND-ORDER DFB LASERS

Fig. 1. Below-threshold ASE spectra of a DFB laser with a second-order
index grating and 25% duty cycle.

length of the cavity. All spectra are calculated at 95% of the
threshold gains.

In the first example, we consider a DFB laser with a second-
order index grating and duty cycle of 25%. The duty cycle
is defined as the ratio of the width of the grating tooth with
the higher refractive index to the grating period. For this laser,
κi is positive. Therefore, based on the assumed value of |κi|
in Table I, we have κi = 100 cm−1. Since Re(κr) < 0, the
grating is antiphase, which means that the main mode will be
at the shorter wavelength side of the stopband: the so-called +1
mode (positive detuning). The below-threshold power spectra
from the surface and edge of this laser are plotted in Fig. 1.
Using the ASE spectrum from the edge, one may see that the
intensity of +1 mode is higher than the intensity of the mode
at the longer wavelength side of the stopband: the so-called −1
mode (negative detuning). The reason is that the +1 mode sees
more gain in an antiphase grating, and its intensity is higher
than that of the −1 mode. However, as illustrated in Fig. 1,
the ASE spectrum from the surface reveals that the intensity of
the −1 mode is higher than the intensity of the +1 mode. This
behavior can be explained by noting that, in a DFB laser with
a second-order index grating, the guided waves forming the
main mode interfere destructively, and its near-field radiation
pattern has a minimum at the center of the cavity. On the other
hand, formation of the first side mode is due to constructive
interference between the guided waves forming that mode, and
its near-field radiation pattern has a maximum at the center of
the cavity [3]. Compared to the edge-emitted power spectrum,
this characteristic feature of DFB lasers with a second-order
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Fig. 2. Effect of the window size on the ASE spectrum of the radiation field.
The window sizes are chosen as 100 and 300 µm, respectively.

Fig. 3. Below-threshold ASE spectra of a DFB laser with a second-order
index grating and 75% duty cycle.

index grating reduces the relative intensity between the main
mode and first side mode emitted from the surface. Therefore,
in a surface-emitting DFB laser with a second-order index
grating, one may expect that the SMSR of the surface-emitted
power is less than the SMSR of the power emitted from
the edge.

Due to the near-field radiation patterns of the main mode and
first side mode, one may expect that increasing the window size
reduces the relative intensity between these two modes of the
radiation field. This fact is illustrated in Fig. 2.

By increasing the duty cycle of the grating to more than 50%,
e.g., 75%, the sign of κi changes; since the sign of Re(κr)
remains unchanged, we deal with an inphase grating. A DFB
laser with such grating favors the −1 mode. However, the
formation of the main mode and first side mode is still based
on destructive and constructive interference between the guided
waves. Therefore, based on the principles explained earlier,
one may expect that the spectra from the surface and edge
can be obtained from those with duty cycles of 25% and by
switching the intensities of the +1 and −1 modes, respectively,
as depicted in Fig. 3.

Fig. 4. Below-threshold ASE spectra of a DFB laser with a second-order gain
grating such that κg + Re(κr) > 0.

It should be noted that the power spectra in Figs. 1 and 3
correspond to two different DFB lasers with the same value of
Re(κr), whereas their κi values are of the same magnitude but
opposite signs. Therefore, at threshold, the so-called standing
wave factors [18] of the main modes of these two lasers are
almost the same and the same holds true for their first side
modes. On the other hand, the signs of the κi values of these
two DFB lasers are opposite of each other. Then, according
to Beats et al. [18, eq. (13)], the detunings of the main mode
and first side mode in the first laser are almost negative of the
corresponding detunings in the second laser. Therefore, with
respect the Bragg wavelength, the wavelengths of the main
mode and first side mode in the first lasers are almost the mirror
images of the corresponding wavelengths of those modes in the
second laser. The fact that power spectra shown in Figs. 1 and 3
are almost the mirror images of each other is consistent with the
above argument.

Theoretical investigation of second-order resonant gratings
with gain or absorption has been considered in [15] and [19].
As pointed out in [9] and [19], the main mode of a DFB laser
with a second-order gain grating may have a near-field radiation
pattern with a peak at the center of the cavity. This mode is
formed by constructive interference between the guided waves
inside the cavity. The overlap between the intensity of the main
mode and the gain grating dominates the radiation loss, and
the mode selection is based on this overlap mechanism. The
condition for excitation of such mode is κg > −Re(κr), and
it may happen if the duty cycle of the grating is less than
50%. For such a DFB laser, let κi = 100 cm−1, κg = 10 cm−1,
and κr = −5 + j4 cm−1. With these parameters, the grating
is in-phase, and −1 mode is the main mode. However, since
κg + Re(κr) > 0, the main mode has a near-field radiation
pattern with a peak at the center of the cavity. Due to this
feature, the relative intensity between the main mode and first
side mode emitted from the surface is more than that from the
edge. This fact is illustrated in Fig. 4.

In DFB lasers with a second-order grating in the active
region, it is possible to adjust the grating duty cycle to have
a negative κg . In fact, for duty cycles more than 50%, κi
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Fig. 5. Below-threshold ASE spectra of a DFB laser with a second-order gain
grating and duty cycle of 75%.

and κg are negative. This is the main difference between first-
and second-order gain gratings. Moreover, since Re(κr) < 0 in
second-order gratings etched into the active part, it follows that
κg + Re(κr) < 0 for duty cycles more than 50%; therefore,
the main mode is formed by destructive interference between
the guided waves inside the cavity. In this case, in addition
to the radiation loss, the overlap between the intensity pattern
and the gain grating is in favor of the main mode and enhances
the mode selectivity based on the radiation loss. Therefore,
one may expect that the main mode is strongly favored. These
facts were experimentally verified in a DFB laser made by a
truncated quantum well second-order grating with an SMSR
over 64 dB [20]. In Fig. 5, the below-threshold power spectra
from the surface and edge of a second-order DFB laser with
a gain grating of 75% duty cycle are illustrated. The coupling
coefficients are κi = −100 cm−1, κg = −5 cm−1, and κr =
−5 + j4 cm−1. In this case, the grating is in-phase, and the −1
mode is the main mode. This mode is formed by destructive
interference between the guided waves. Therefore, if one mea-
sures the ASE spectrum of the radiation field and compares it
with the ASE spectrum of the edge-emitted power, one may
expect that the relative intensity between the main mode and
first side mode emitted from the surface is less than that from
the edge. This fact is illustrated in Fig. 5.

Finally, in the last example, we consider a quarter-wave
phase-shifted DFB laser with a second-order index grating.
This design was first proposed by Kinoshita [4] to avoid the
inherent problem of second-order DFB lasers with an index
grating. In this structure, the mode selectivity is mainly due to
the quarter-wave phase shift. The below-threshold ASE spectra
from the surface and the edge of such structure with a grating
of 25% duty cycle are depicted in Fig. 6. These spectra are
calculated based on κi = 100 cm−1 and κr = −5 + j4 cm−1.
Interestingly enough, if we compare these spectra, we see that
the relative intensities between the main mode, the so-called 0
mode (almost zero detuning) and ±1 modes emitted from the
surface are more than those from the edge. The same result is
obtained for duty cycles of more than 50%, e.g., 75%, which
is not plotted here. Therefore, these lasers are good candidates

Fig. 6. Below-threshold ASE spectra of a quarter-wave phase-shifted DFB
laser with a second-order index grating and duty cycle of 25%.

for surface-emitting DFB lasers both in terms of the radiation
mode profile and the spectrum.

V. CONCLUSION

In this paper, we have formulated the ASE spectrum of the
radiation field in surface-emitting DFB lasers with a second-
order grating. We have shown that, in comparison with the
edge-emitted power spectrum, the interference between the
counter-propagating guided waves inside the cavity dramati-
cally changes the relative intensities between the main and other
side modes of the radiation field. This feature makes the SMSR
of the radiation power less than the SMSR of the power emitted
from the edge in a second-order DFB laser with a nonphase-
shifted index grating. Increasing the window size enhances the
SMSR of the surface-emitted power. On the other hand, it is
possible to design a DFB laser with a second-order grating
in the active region such that the main mode is excited by
the constructive interference between the counter-propagating
guided waves inside the cavity. In this case, compared to the
edge-emitted power spectrum, the relative intensity between the
main mode and first side mode of the radiation field enhances.

A quarter-wave phase-shifted DFB laser with a second-order
index grating has the salient features that make this laser an
appropriate surface-emitting design in terms of the radiation
field pattern and the spectrum.

APPENDIX A

In semiconductor lasers, we are confronted with the sponta-
neous emission, which is a stationary Gaussian process. It has
a power spectrum that is essentially flat within the linewidth of
the gain spectrum in which the main mode and other important
side modes of the laser exist. On the other hand, the laser field of
a DFB laser like all other lasers is ASE, which is highly filtered.
This means that the spontaneous emission outside the linewidth
of the gain spectrum cannot be amplified and is highly rejected
through the filtering action of the laser cavity. Consequently,
as far as the laser field and the effect of the noise power
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on it are concerned, it makes little difference precisely how
the spontaneous-emission spectrum approaches zero outside
the linewidth of the gain spectrum. Thus, we assume that the
spontaneous-emission spectrum is flat for all wavelengths and
acts as a white noise. According to the Wiener–Khintchine
theorem, the autocorrelation of a white noise is expressed in
terms of the Dirac delta function. Moreover, from [13], it also
has a negligible spatial correlation. Thus

〈F (r, t)F (r′, t′)〉 = 2DFF δ(r − r′)δ(t− t′) (A1)

where F (r, t) is the real-valued time-domain Langevin force.
The so-called diffusion coefficient 2DFF is independent of
time. Let F̃ω(r) be the Fourier transform of F (r, t) defined by a
transform relation similar to (1). From the stationary character
of F (r, t) and the fact that 2DFF is independent of time, it can
be shown that〈

F̃ω(r)F̃ ∗
ω′(r′)

〉
=

〈
F̃ ∗

ω(r)F̃ω′(r′)
〉

=2DFF δ(r − r′)δ(ω − ω′). (A2)

It should be emphasized that the equality of the diffusion
coefficients in the time and frequency domains is the direct
consequence of defining a symmetric Fourier transform. More
precisely, the diffusion coefficient in the frequency domain
depends on the definition of the Fourier transform.

From [13] and by equating the noise power obtained from the
principles of statistical mechanics and electromagnetic theory
in the SI units, we get

2DFF =
2�ω3n(r)g(r)nsp

ε0c3
(A3)

where � (= h/2π) is the reduced Planck constant, n(r) is the
refractive index of the active region, g(r) is the intensity gain,
nsp is the so-called inversion factor, ε0 is the permittivity of
vacuum, and c is the velocity of light in vacuum.

Strictly speaking, as indicated by (A3), the diffusion co-
efficient is frequency dependent, and (A1) cannot be derived
from (A2) and (A3). However, as mentioned earlier, since only
the spontaneous-emission power within the linewidth of the
gain spectrum is important, we assume that the spontaneous-
emission spectrum is flat for all wavelengths. Without loss of
generality, one may consider a flat gain model and set ω = ω0

in (A3), where ω0 is a frequency very close to the lasing
frequency.

From (7), (A2), and (A3), it follows that〈
F̃ω(z)F̃ ∗

ω′(z′)
〉

=
2�ω3

0n(z)Γg(z)nsp

ε0c3ξ(Φω)
δ(z − z′)δ(ω − ω′)

(A4)

where Γ is the confinement factor, and ξ(Φω) is given by (8).
On the other hand, using (9) in an index grating, one may

show that〈
f̃A

ω (z)f̃A∗
ω′ (z′)

〉
+

〈
f̃B

ω (z)f̃B∗
ω′ (z′)

〉
=

〈
F̃ω(z)F̃ ∗

ω′(z′)
〉

(A5)

and 〈
f̃A

ω (z)f̃B∗
ω′ (z′)

〉
=

〈
f̃B

ω (z)f̃A∗
ω′ (z′)

〉
= 0. (A6)

For a spontaneously emitted photon, the probability of traveling
to the left and to the right is the same. Therefore, we have〈

f̃ i
ω(z)f̃ i∗

ω′(z′)
〉

= 2D
f̃if̃i∗δ(ω − ω′)δ(z − z′) (A7)

where i = A or B, and

2D
f̃Af̃A∗ = 2D

f̃B f̃B∗ =
�ω3

0n(z)Γg(z)nsp

ε0c3ξ(Φω)
. (A8)

For a gain-coupled DFB laser, we have

g(z) = gav(z) +
∑
n�=0

gn(z)e−jn[ 2π
Λ z−θ(z)] (A9)

where Λ and θ(z) are the period and the phase of the grating,
respectively. It should be noted that (A9) is obtained by aver-
aging over a few grating periods. Using (9) and (A9), one may
show that we have the following equation for a second-order
gain grating:〈

f̃ i
ω(z)f̃ j∗

ω′ (z′)
〉

= 2D
f̃if̃j∗δ(ω − ω′)δ(z − z′) (A10)

where i, j = A or B, and

2D
f̃Af̃A∗ = 2D

f̃B f̃B∗ =
�ω3

0n(z)Γgav(z)nsp

ε0c3ξ(Φω)
(A11)

2D
f̃Af̃B∗ = 2D∗

f̃B f̃A∗ =
4�ω3

0n(z)κge
j2θ(z)nsp

ε0c3ξ(Φω)
. (A12)

In the derivation of (A12) for a symmetric second-order gain
grating, we have used [21]

Γg2(z) = Γg−2(z) = 2κg. (A13)

Since (9) does not uniquely specify f̃A
ω (z) and f̃B

ω (z) in terms
of F̃ω(z), the derivations of (A8), (A11), and (A12) mostly rely
on physical intuition rather than mathematical rigor.

APPENDIX B

To solve (31), we assume that

G̃1,ω(z, z′) =

{
G̃+

1,ω(z, z′), z > z′

G̃−
1,ω(z, z′), z < z′

(B1)

where G̃+
1,ω(z, z′) and G̃−

1,ω(z, z′) satisfy the homogeneous
equation obtained from (31) by setting its right-hand side equal
to [0 0]T.

Let

G̃±
1,ω(z, z′) =

[
g̃A±
1,ω(z, z′)

g̃B±
1,ω (z, z′)

]
. (B2)
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By integrating (31) from z = z′ − ε to z = z′ + ε (ε→ 0),
we get [

g̃A+
1,ω (z′, z′)
g̃B+
1,ω (z′, z′)

]
−

[
g̃A−
1,ω(z′, z′)
g̃B−
1,ω (z′, z′)

]
=

[
0
−1

]
. (B3)

On the other hand, one may write[
g̃A+
1,ω (z′, z′)
g̃B+
1,ω (z′, z′)

]
= T̃ω(z′, L)

[
1
rL

]
g̃A+
1,ω (L, z′) (B4)[

g̃A−
1,ω(z′, z′)
g̃B−
1,ω (z′, z′)

]
= T̃ω(z′, 0)

[
r0
1

]
g̃B−
1,ω (0, z′) (B5)

where r0 and rL are the field reflectivity at z = 0 and z = L,
respectively, and T̃ω(z2, z1) is the transfer matrix that relates
the amplitudes of the forward and backward waves at z = z2
to those at z = z1. The general form of T̃ω(z2, z1) is given as
follows:

T̃ω(z2, z1) =
[
T̃ 11

ω (z2, z1) T̃ 12
ω (z2, z1)

T̃ 21
ω (z2, z1) T̃ 22

ω (z2, z1)

]
(B6)

where

T̃ 11
ω (z2, z1) = cosh [γ(z2 − z1)]

+ K̃11
ω γ

−1 sinh [γ(z2 − z1)] (B7)

T̃ 12
ω (z2, z1) = K̃12

ω γ
−1 sinh [γ(z2 − z1)] (B8)

T̃ 21
ω (z2, z1) = −K̃21

ω γ
−1 sinh [γ(z2 − z1)] (B9)

T̃ 22
ω (z2, z1) = cosh [γ(z2 − z1)]

− K̃11
ω γ

−1 sinh [γ(z2 − z1)] (B10)

and

γ =

√[
K̃11

ω

]2

− K̃12
ω K̃

21
ω . (B11)

Substituting (B4) and (B5) into (B3) leads to equations for
g̃A+
1,ω (L, z′) and g̃B−

1,ω (0, z′) as follows:

T̃ω(z′, L)
[

1
rL

]
g̃A+
1,ω (L, z′) − T̃ω(z′, 0)

[
r0
1

]
g̃B−
1,ω (0, z′)=

[
0
−1

]
.

(B12)

It should be noted that (B12) is also valid for z′ = 0 and z′ = L.
To obtain g̃B−

1,ω (0, z′), we multiply both sides of (B12) by

[−rL 1] × T̃−1
ω (z′, L), and we get

g̃B−
1,ω (0, z′) = D̃−1

ω [−rL 1]T̃−1
ω (z′, L)

[
0
−1

]
(B13)

where

D̃ω = [rL − 1]T̃ω(L, 0)
[
r0
1

]
. (B14)

In deriving (B13) and (B14), we have used the following
identities for the transfer matrices:

T̃−1
ω (zi, zj) = T̃ω(zj , zi) (B15)

and

T̃ω(zi, zj)T̃ω(zj , zk) = T̃ω(zi, zk). (B16)

In a similar fashion, from (B12), it follows that

g̃A+
1,ω (L, z′) = D̃−1

ω [−1 r0]T̃−1
ω (z′, 0)

[
0
−1

]
(B17)

where we have used

[−1 r0]T̃ω(0, L)
[

1
rL

]
= [rL − 1]T̃ω(L, 0)

[
r0
1

]
. (B18)

Equation (B18) is obtained by using (B15) and noting that
|T̃ω(zi, zj)| = 1.

After obtaining g̃B−
1,ω (0, z′) and g̃A+

1,ω (L, z′), one may obtain

G̃±
1,ω(z, z′) by the transfer matrices. More precisely

G̃+
1,ω(z, z′) = T̃ω(z, L)

[
1
rL

]
g̃A+
1,ω (L, z′) (B19)

and

G̃−
1,ω(z, z′) = T̃ω(z, 0)

[
r0
1

]
g̃B−
1,ω (0, z′). (B20)

For z′ = 0, we have G̃1,ω(z, 0) = G̃+
1,ω(z, 0), whereas for z′ =

L, we have G̃1,ω(z, L) = G̃−
1,ω(z, L).

In a similar fashion, G̃2,ω(z, z′) can be obtained by replacing
[0 − 1]T with [1 0]T and repeating the above steps. The
validity of (37) can also be checked using these explicit expres-
sions for G̃1,ω(z, z′) and G̃2,ω(z, z′).

It should be emphasized that the spatial hole burning effect
can be included by dividing the laser cavity into M sections
such that the carrier distribution in each section is assumed to
be uniform. The transfer matrix that relates the amplitudes of
the forward and backward waves at z = z2 to those at z = z1
is then considered as the product of the corresponding transfer
matrices of those sections that exist in the interval z1 ≤ z ≤ z2.
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